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Summary


Various finite difference formulae for the Laplacian are given in the form of stencils of a variety of types and orders.  Straight​forward methods for generating stencils are described.  The methods are used to obtain several special-purpose stencils.  The leading terms of the truncation error for several stencils of interest are computed.

NUMERICAL APPROXIMATIONS FOR THE LAPLACIAN


This paper was initialed by James Miller and W.S. Krogdahl
 but never published.  Miller, Jones, and Leatherman extended the paper to include a 9x9 stencil as well as a comparison for the 3x3, 5x5, 7x7, and 9x9 stencils.


Numerical solutions of the equations of Laplace or Poisson employ convenient finite


Difference approximations for the Laplacian

 (1)
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The finite difference approximations are applied to grids of values of a function u(x, y) over some region circumscribed by a boundary on which the value of u(x, y) is prescribed.  Stencils
 conveniently represent the finite difference formulae, most commonly square arrays of order 2n+l.  A stencil is the set of coefficients, by which to multiply grid values located in corresponding positions about the point at which the Laplacian is to be evaluated; the latter point is generally the center of the grid.  For example, application of the stencil
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to the grid values



u(-w, w)
u(o, w)
u(w, w)

G
=
u(-w, o)
u(o, o)
u(w, o)



u(-w, -w)
u(o, -w)
u(w, -w)

gives the finite difference approximation

(4)
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for the Laplacian, exact to order 3 in the grid interval w.  That is to say, the stencil S in (2) gives the exact value of w2( 2 u(0, 0) for any polynomial of degree not greater than 3; it therefore gives the Laplacian itself to the first order in w.

It is to be noted that the stencil S in (2) is not unique; indeed, there are infinitely many stencils which are exact to the third order,.  It is therefore of interest to have (1) a means of generating all such stencils and (2) a criterion for selecting that stencil which is best in some sense.  It is the purpose of this paper to show how this may be done.

For the sake of illustration, let us consider first the case of a 3X3 grid.  Because the Laplacian operator is invariant to the substitutions
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we require that the stencil representing the Laplacian operator have the corresponding symmetries.  In other words, we require a stencil symmetric about the central column, the central row, and both diagonals.  For a 3X3 stencil, this implies the form
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The problem is to determine the coefficients a, b, and c.  To this end, we apply the stencil S' to the functions uo = 1 and u2 = x2. We equate the resultant expressions to w2 times the respective Laplacians of uo and u2 at the central point, taken to be (o, o).  Such a procedure gives

(6)
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It can easily be seen that no other non-trivial, non-redundant, com​patible equations can be generated in this way.  In the first place, all terms containing odd powers of x or of y yield the trivial equation      0 = 0.  Secondly, even powers of x higher than the second lead to equations incompatible with the second of equations (6).  Thirdly, because of the symmetry of the stencil, even powers of y higher than the second also yield equations incompatible with (6).  And finally, all products of even powers of x and y of degree greater than two yield incompatible equations.

From the first equation (6) we see that

(7)              
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Substituting this into (5) and separating the respective contributions of coefficients b and c gives
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In this expression, b and c may be any pair of numbers satisfying the second of equations (6), namely

(6a)             
[image: image6.wmf]1

2

=

+

c

b


Thus b = 2/3, c = 1/6 yields the operator S of (2); other common operators correspond to the solutions b = 1, c = 0 and b = 0, c = 1/2.

The indeterminacy of b and c may be effectively removed, however.  Thus, we may generate a second equation by applying S’ in (8) to a table of values of some convenient function whose Laplacian is known exactly; most simply, one may choose any convenient harmonic function, whose Laplacian is, of course, zero.  To illustrate, let S’ in (8) be applied to the harmonic function

(9)
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using w = 0.1 as grid interval and tabulating the function to 10 decimal places.  Then at the point (.5, .7), for example, we find from (8) that we should have

(10)
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Equation (10) is clearly a pseudo-equation, for it is true only for the function (9) at the chosen point.  Solving (6a) and (10) simultaneously gives b =.6666584, c = . 1666708, to 7 decimals.  Clearly, the choice b = 2/3, c = 1/6 is a very close approximation in terms of simple rationals; this indicates that S in (2) is highly accurate.  For comparison, the values tabulated below show the relative merits of the various operators at the chosen point.

b
c
104(2

1
0
.60616

0
1/2
-1.21227

2/3
1/6
.0000002

Choice of a different point would yield altogether comparable results.

The comparatively simple example afforded by the 3X3 Laplacian operator illustrates a procedure which may be generalized to higher orders.  Thus, a 5X5 operator
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may be applied to the functions p(x, y)= 1, x2, x4, and x2y2 to generate four independent equations in six unknowns.  No additional non-trivial, non-redundant, compatible equations may be generated in this manner.  If we elect to express b, c, d, and e in terms of a and f, the solutions are found to be

(14)
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By inserting (12)into (11) we find that
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(13)
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(These stencils, cumbersome when written in full, will hereafter be reduced to their distinct elements, the remainder being readily obtainable by reflections.  Hence, (13) may also be written as
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If we now apply (13) to the harmonic function u = cos x cosh y at any convenient point, such as x = 0. 5, y = 0. 3, we may generate the pseudo-equation
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or, equivalently,

(14)
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Fortunately, the two coefficients may be approximated to a high order by comparatively simple rational numbers, a fortuitous circumstance not always to be relied upon.  Thus, equation (14) is very nearly satisfied by the solutions of the equation

(15)
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Equation (15) may now be used to eliminate f, whence we are led to the stencil
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a

Applying these stencils once again to the function u(x, y) = sin x sinh y at the point x = .5, y = .3 with w = 0.1  one can easily determine that S" very nearly vanishes when we choose a to be 162/145.  The 5x5 stencil approximation becomes






-83

(17)



6136
-601


36,540w2(2u = 36,540S”
=
-163,296
37,650
-1677

With this operator, the function u = sin x sinh y has a residual of the order of 10-20 at the several points tested and the function u = cos x cosh y has a residual only a single order larger.

A 7X7 stencil of the form
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may be employed for accuracy through order w7.  Using the procedure

herein outlined, it may be shown that
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n

With the aid of pseudo-equations suggested by applying S’’’ to the harmonic functions                        u = cos x cosh y and u* = log(x2 + y2), it is found that a stencil of high accuracy follows from the choice a = 23, 903, l = 51, m = 12, and n = 307/180.  With these, the final stencil

becomes

(20)




2,763





-74,728
19,440




5,985,245
-987,530
82,620


31,492,800S’’’=
-154,891,440
37,078,530
-2,638,284
140,274

With w = 0.1, the residuals in u and u* were respectively of the order 10-17 (at x = 0.7, y = 0.6) and 10-11 (at x = 1. 0, y = 0. 9), for example.  And finally, a 9x9 stencil can be developed by this method.







-.00003441718






-212.7040325
9.904018463





-1904.031330
598.7229899
-.00022




-1699.517332
2219.391362
-636.7515189
-89.40418572

(21)
100w2(2u =
983.8316976
571.2179511
-1847.507160
484.0152932
158.8438280

It should be noted that simpler stencils of the same order may easily be found but that these generally do not give such small residuals for the functions and points chosen (See Appendix A).

The flexibility of the present method of generating Laplacian operators may be demonstrated by two further applications: (a) to generate operators for tables in which the interval size is different in the two variables; and (b) to generate an operator for a grid​-point which is non-central, as near a boundary.

The first of these applications might be of use on a function which varies rabidly in one variable, slowly in the other.  Thus, suppose one deals with a grid of the form




u(-w, w/2)
u(o, w/2)
u(w, w/2)

(21)
G’
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u(-w, o)
u(o, o)
u(w, o)




u(-w, -w/2)
u(o, -w/2)
u(w, -w/2)

Upon such a grid symmetric only about the center row and center column, a stencil of the form
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may be used, exact through order 3 in x and y. A simple value suggested for c by a suitable pseudo-equation is c = 5/12; to more decimal places, c = 2003/4800, giving




2003
15,194
2003

(23)
4800w2(2u
=
794
-39,988
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15,194
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The second application has interest for the calculation of the Laplacian at a point immediately adjacent to a straight-line boundary.  Here, of course, a 3X3 stencil may always be used.  However, the Laplacian can be had in this case only to the first order in w.  Computational accuracy may, as always, be improved by choosing a sufficiently small w, but in many circumstances this entails a prohibitively great increase in the volume of computation.  It would therefore be highly desirable to have a stencil which is applicable adjacent to a boundary and accurate at least to some order higher than the first.  To this end we consider a grid of values




u(-2w, 4w)
u(-w, 4w)
u(o, 4w)
u(w, 4w)
u(2w, 4w)




u(-2w, 3w)
u(-2w, 3w)
u(o, 3w)
u(w, 3w)
u(2w, 3w)
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u(w, 2w)
u(2w, 2w)




u(-2w, w)
u(-w, w)
u(w, w)
u(w, w)
u(2w,w)




u(-2w, o)
u(-w, o)
u(o, o)
u(w, o)
u(2w, o)
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of which the bottom row is assumed to be given boundary values.  The point in the third column and second row from the bottom is taken as origin or pivotal point.  To this grid is to be applied a stencil
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having the desired symmetries, insofar as these can be incorporated into a stencil for a non-central pivotal point.  The incomplete symmetry of the grid G" and operator 
[image: image19.wmf]S

 about the non-central point   (0, 0) has as a consequence the necessity of considering both the usual even generating functions    p(x, y) and in addition the odd functions p = y, x2y, y3, x4y, x2y3, and y5.  The greater number of nontrivial equations reduces the number of disposable parameters to six; we have chosen these to be a = 477, i, k, 1, n, and p. In terms of these it can be shown that
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+ k/3
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14
-12
5

74
-60
23

In (26), only the three right-most columns of each stencil are given, the remaining two being obtained by reflection about the first column.  The pivotal element is in the first column, second row.  By choosing i = -69, k = -45, 1 = -3, n = 1/5,  p = 1/35 , (values very nearly compatible with the pseudo-equation generated at the point x = 0. 5, y = 0. 4), we obtain one form of the operator 
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(27)
15,120
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 =
-7,760
14,310
-1,610



31,420
-20,390
2,160



-66,780
24,275
-355



8,276
3,533
-1,371

This stencil is exact for all polynomials of order five or less; hence it gives the Laplacian exact through the third order.

It is edifying that the choice i = -4, k = 3, 1 = -1 8, n = 0, p 2, arrived at simply by trial and error, gives a stencil
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(28)
432
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-394
35



-1908
716
-32



320
39
-19

which is actually somewhat more accurate than (27) on the harmonic functions u and u* over a region of values of x and y less than 1. 0. Such a pragmatic procedure may on occasion be helpful when a systematic theoretical treatment is lacking.

For comparison' s sake, we may note an entirely different method for constructing a non-central stencil.  Thus, let each column be used to determine by polynomial interpolation the values half-way between the second row and the rows immediately above and below it. Then, within each of the three (original) bottom rows and the two rows interpolated between them, interpolate columns between the original middle column and its immediate neighbors.  In this way, one generates a sub-grid in which the original pivotal element is now central in a 5x5 grid having an interval w/2 which is half the original interval, w. Let a 5X5 stencil be applied to the sub​grid.  The resultant stencil is a linear combination of original grid values and their linear combinations, h ence is a linear operator upon the original 5X6 grid.  Using the stencil S" in (7) in this manner, we find a third stencil 
[image: image24.wmf]S

 to be



370,230
10,532
-767



-2,221,380
-63,192
4602

(26)
4,677,120
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 =
5,183,220
147,448
-10,738



-1,291,344
-138,656
4,808



-17,625,402
6,271,236
-381,735



3,891,876
8,792
-5,930

This stencil, like the two previous ones, is exact through degree 5 in both coordinates.  However, it is plainly more cumbersome than either and does not give as small residuals in the region tested.

In similar fashion, one can obtain a 5X5 stencil with non-central pivotal element, but exact only through degree 4. A representative stencil of this sort is



-2,178
-68
5



8,712
272
-20

(30)
27,648
[image: image26.wmf]S

 =
14,292
-216
-18



-115,128
36,752
-2228



25,182
124
-43

The pivotal element is the second from the bottom in the left-most column.  The remainder of the stencil is had by reflection in the left-most column.

The interpolation method has also been used to obtain a 5X5 grid which can be used in a corner adjacent to two perpendicular straight-line boundaries.  The result is
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72
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-92,848
14,472
8912
-2228

(31)
27,648
[image: image27.wmf]S

 =
-91
25,612
-306
172
-43

Here the pivotal element is in the second row and second column.  The complete stencil is symmetric in the main diagonal.  This stencil is exact through degree 4.

The interpolation method could equally well be used with an undetermined stencil such as (13).

  In this way it may be possible to generate eccentric stencils of high accuracy for special purposes.

The accuracy of the stencils here developed is a matter which it is clearly of interest to determine.  It can be done quite directly by examining the leading term of the residual.  Thus, suppose that the 3x3 stencil (2) is applied to a function f which is represented by a Taylor' s series in two variables

(32)
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about the pivotal point.  When the stencil (2) is applied to f(x, y), it will fail first on the terms of degree 4, for which it gives

(33)

[image: image29.wmf]}

3

3

{

3

2

4

,

0

2

,

2

0

,

4

4

4

f

f

f

w

+

+

=

e


instead of zero.  For sufficiently small w, therefore, (33) is substantially the whole of the error for this particular Laplacian operator.

It is of interest to note that if the coefficients in (32) are known, the operator may be made exact to another two orders at the pivotal point.  To see how this may be done, let S’ in (8) be applied to the terms of order 4. The result is

(34)
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When the 
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are known, it is clear that b and c may be in general chosen to make 
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 exactly zero at the pivotal point.  The simultaneous solution of (6a) and 
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= 0 from (34) will exist and be unique provided 
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In similar fashion, it may be shown that the leading term in the residual of the 5X5 operator S’’ of (17) is

(35)
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The 7X7 operator (20) generates an error of the order

(36)
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In each case, the remainder in the Laplacian itself is lower by two orders in w.

Appendix A

Function

3x3
5x5
7x7
9x9
Exact









1

0
0
-0.000041
-0.000686
0

x2

2.000002
2.000002
1.999998
1.999813
2

x4

3.020001
3.000002
2.999999
2.999928
3

x2y2

1.48667
1.480006
1.480004
1.479905
1.48

x6

1.950201
1.874202
1.875001
1.874973
1.875

x2y4

1.97487
1.95008
1.950204
1.950151
1.9502

x8

0.963903
0.869361
0.875073
0.874941
0.875

x2y6

2.09735
2.034943
2.036057
2.036061
2.036048

x4y4

1.12355
1.087253
1.087806
1.087769
1.0878

x10

0.419835
0.340611
0.352383
0.351548
0.3515625

x2y8

1.870195
1.757485
1.762518
1.762371
1.76238202

x4y6

0.851684
0.801256
0.803183
0.803107
0.8031345

x12

0.170528
0.116091
0.131301
0.128901
0.12890625

x2y10

1.498615
1.339928
1.354428
1.353511
1.35357528

x4y8

0.641916
0.580342
0.584983
0.584691
0.58471553

The central point is (.5, .7) and w = .1 for the calculations in the above table.







� 	Faculty emeritus, University of Kentucky


� 	Various standard stencils may be found in W. E. Milne' s "Numeri�cal Solution of Differential Equations" (Wiley, 1953), Ch. 8. See also "Finite Difference Formulae for the Square Lattice" by W. G. Bickley in Quarterly Journal of Mechanics and Applied Mathematics, v. 1 (1948), pp. 35-42.
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